Fluid Mechanics, Module 5

Wybren de Jong, s2364107

1 Forces on a Body

There are 3 different forces on immersed bodies, but we’ll focus on the first 2 forces:

1. Friction drag, due to contact with the surface (also known as skin fraction).
2. Pressure drag, due to pressure differences (which are caused by flow seperation)
3. Lift, orthogonal to the flow

A streamline can have 2 different states, turbulent and laminar.
The formula for Friction drag is:
1
FD:CDEqu-A (1)

Where c¢p is the drag coefficient, p is the density, « is the velocity and A is the area which is in
touch with the water (or air).

The drag coefficient is really dependant on the Reynolds number and is not a fixed value. The
Reynolds number (also written as Re), indicates how laminar or turbulent a flow is, higher is
more turbulent. The reynolds number can be calculated by:

_UD

Re = (2)

Where U is the velocity, D is the length scale and v is the kinematic viscosity. The Cy can be
calculated by using the reynolds number.

v

e For5-10° < Re < 107, use equation:

0.0742

D= Rells

e For Re < 10°, use equation:
0.455

D= (log Re)258

2 Conservation of mass

The conservation of mass law says that the internal change of mass in a control volume + the
net in/outflow through the boundaries of a control volume are zero.



2.1 Internal change of mass

Since we don’t know the exact dimensions of this control volume, we can take a very small piece
and assume that its mass is dM. since mass is volume multiplied by its density, we can say:

dM = p-dVol (3)

If we wont the total mass within our CV (control volume), we can take the integral over dM:

M= /dM /Cvp dVol (4)

If we want to calculate our mass change per timestep At, the following formula can be used:

Myyae =My _ OM _ O(Joy p-dVol)

At ot ot ()

2.2 Net in/outflow of mass through boundaries

Now we are going to look at the net in and outflow of a surface element of the CV. Lets assume
that through the surface element dA a fluid flows with velocity V' under an angle 6. Now, we are
able to derive a formula.
The outflow of mass in timestep At: pAx - |dA|
With Az = |V |cos - At.
This results in

p|V|cost - At - |dA| (6)

If we want do this for the whole system, we use the integral. By writing |dA|[V |cos6 as pV - dA,
we can setup the integral from the boundaries of CV (= Control Surface, CS):

/Cspv.dﬁ (7)

2.3 Conservation of mass

By adding formula 3 (internal change of mass) and formula 5 (mass transport through bounad-
aries), we can make the Integral mass balance:

0:3/ pdVoz+/ pV - dA (8)
ot Jov cs

For solving questions, a general procedure can be followed:
1. Draw control volume
2. Determine integral law and write it down
3. Write down assumptions (and how to apply) and define positive direction

4. Write down all the steps to come to your answer
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3 Conservation of Momentum

The momentum balance P for a system is written as
P=mV (9)

Knowing the amount of force and the length of time that force is applied to an object will tell you
the resulting change in its momentum. They are related by the fact that force is the rate at which
momentum changes with respect to time F' = dp/dt.

Note that if P = mV and m is constant, then F' = dp/dt = m% = ma.

This gives us the final equation:

—

~ dP
E F = o (10)
3.1 Internal change of momentum

For a balance, we need to know the internal change of the system. This is build up from multiple
equations. First we start with the mass. For this, we can use formula 3: dM = p - dVol. filling
this in into equation 10, this results into:

dP = VdM =V pdV ol (11)

Since we want to know the total momentum in our CV, we need to take the integral of dP:

/ dpP = / pVdVol (12)
cv

Since we want to know the change of momentum per timestep (At), tho only thing left is to take

the partial derivative of P over ¢:
P q
a— = 8/ pVdVol (13)
ot Ot Jov
The formula we got is the internal change of momentum, which is bigger then zero when
there is an increase.

3.2 Net in/outflow of momentum trough boundaries
The outflowing momentum per timestep is derived from the following formula’s
VolpV = AzdAV
Ax =V cos At
Combining these two equations, we get:
p|V | cos 0|dA| AtV
Vp‘? odA

Geb=al|lb| cosb



So for the entire surface CS of the control volume, the outflowing momentum per unit of time is:

/ VpV - dA (14)
cSs

3.3 Conservation of momentum

If we combine the formula’s of the internal change of momentum and the net in/outflow, we get
one big equation which follows the rule of conversation of momentum:
S F-frfi=g [ plaves [ Vor-dd (15)
tJov cs
The conversation of momentum is valid in all three dimensions, so this gives us three equations
in three directions. This results in:

—

V=(UV,W) (16)

so when this is in the z-direction, we get a formula where the first V is replaced by a velocity in
the U direction:

Y F _9 UpdVoH—/ UpV -dA (17)
ot Jov cs

The same can be done in the y- and z-direction

4 Open channel flow

This part cannot be found in the book, found on canvas.

4.1 Open channel characteristics
There are 3 main questions asked regarding rivers:
1. Discharge: how much water can flow through a given profile

2. Water level: How high is the water level at maximum discharge? (important for building
dikes)

3. Water depth: how low is the water level during minimal discharge (important for boats)

The hydraulic radius is important for the characteristics of an open channel. the hydraulic radius

can be calculated by:
A

R=— 18

e (18)
Where P is the wet perimeter in m and A is the flow area in m?. The wet perimeter is the length
of the wet banks (so the soil underwater) when you have a cross-section. For a rectangular

profile for example the equation changes to:

= — (19)



If the width B is much bigger than the height i, R will be approximately equal to h.

It takes a while before increases in discharge can be noticed downstream, this is due the
propagation speed of waves:
c==++gh (20)

This is a very important equation for determining supercritical and subcritical flow. Comparing
the propagation speed with the velocity (u), the Froude number equation can be used:

Fr=— (21)
... and the following can be stated:

e subcritical flow: v < \/gh, Fr < 1. This is a typical Dutch situation, Weirs have an influence
of what is happening upstream.

e supercritical flow: v > \/gh,Fr > 1. This is mostly seen in steep mountain rivers, weirs are
not useful.
4.2 Small-scale applications

The law of Bernoulli is mostly used when friction is not an big factor. The equation states:

2
P + gz + v = const. (22)
P g
This can be rewritten to: )
y+ Zp + ‘2/— = const. = Hy (23)
g

Where,y is the water heigth, Z, is the height of the bottom of the river and V' is the velocity,

4.3 Large-scale applications

The law of Chezy is an equation used for a turbulent, steady, uniform flow over a bed with a
slope. With a flow over a bed with a slope, the >  F = 0, and the two forces acting on the
system are the gravity and the friction force, these forces should balance. The gravity force in
the direction of the water bed can be calculated by:

F,=m-g-sinf=p-h-dxg-sinf
F,=m- 60z

Since these forces are equal to each other, we can derive the 7;:
m=p-g-h-sinB=p-g-h-tanf

=p-g-h-S,
Sp = tan g



Now the Chezy equation begins playing a role:

V = C\/RSg (24)

Where V is the velocity, C is the smoothness coefficient (bigger = smoother), R is the hydraulic
radius and .Sy, is the bed slope. Since the hydraulic radius is not important with bed shear stress,
it can be replaced by the water heigth (h). Rewriting gives us the follow formula for bed shear
stress: 2

=09 (25)
The C value can be derived on two ways:

1. Nikuradse roughness k, where k is the length/size of the surface (for example with
vegetation, the length of the vegetation itself):

12R
2. Manning roughness n, where n can be found in a table with all known surfaces (mostly

used on the test):
R1/6
= T

C (27)

Units: C' = [¥2], k = m and n = [m~1/3s]

S

By using the manning coefficient, an useful relationship can be derived, the Q-h relationship:

0-B. h5/3\/§b (28)
Written with h as output variable:
Q-n 3/5
=5 )

The following equation is derived from equation 24 and 27, and is used a lot in exercises:

Q= ARV (30)

5 Backwater curves

A steady flow with gradually varying depth is an stationary non-uniform flow. backwater curves
are functions of heigth i over the distance z, so h(z). The equation is as follows:

oh h3 — h3

or  "Uhd —hd

2\ /3
hy, = (C?S‘) Normal depth, (uniform flow)
b

2\ 1/3
he = <qg) Critical depth, (Fr = 1)



In the test, mostly no calculations, but drawings have to be made. This is done by giving the
slope i, the normal depth compared to the critical depth and the Froude number. If

e i, < i., the bed slope is smaller then the critical slope, which is a mild slope.
e i, > i., the bed slope is bigger then the critical slope, which is a steep slope.

e i, = i., the bed slope is equal to the critical slope, which is a critical slope.

In case of:
e F'r < 1, the water height h is bigger then the critical depth k.. This is subcritical flow. The

boundary = = x lies downstream.
e F'r > 1, the water height h is smaller then the critical depth h.. This is supercritical flow.
The boundary = = z lies upstream.
On the test, an table with corresponding curves will be given. The curve can be found by using

the possible properties mentioned above:
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Figure 1: Example of such table
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