LINEAR ALGEBRA DOLUTIONS ;, Date : April 22,2022
Time : 13.45-15.45hrs

1. Determine the values x, y,z € R for which A = A~!
If A= A"! then, we have AA = A~'A = I.

2 0

1 0
=(0 1 O
-1 0 01

X 0
3 0
1

N e

The above matrix multiplication leads to: x =-5,y=-8,z=2.

2. Decide, for each transformation given, whether it is one-to-one and whether it is onto.

’ Sy one-to-one  (X) onto  (X) ‘
’ S> . one-to-one (X) onto (V) ‘
’ S3 : one-to-one (V) onto (X) ‘
’ S4 : one-to-one (V) onto (V) ‘

3. Decide whether the transformation is linear or non-linear, and write the representation matrix
for the linear transformation(s):
For all versions:

’ T, linear (V) non-linear  (X) ‘
’ T - linear (X) non-linear (V) ‘
’ T5 : linear (V) non-linear  (X) ‘

Representation matrix of 77 (if linear): A= (} _11) or Aj= (_11 })

Representation matrix of 7; (if linear): not linear

2 0 0 2

Representation matrix of 73 (if linear):Az= (_1 _1) or Az= (_1 _1)

4. All eigenvalues for B> and respective eigenspaces for each eigenvalue:

The eigenvalues for B are 1°9=1, 37=243, and 5°=3125.
The respective eigenspaces are

0 0 2
Eis =Spanq|-1|p, Ezs=Spanq|1]|s, Ess=Spanq|l
1 1 1




5. The intersection of the planes p; and p, in parametric vector form:

Rewrite p, as:

0 -2 1
pa: 1+al| 1 )+/3 (2), a, B € R and solve with p;.
1 1 3

X1 —2a+p
P2 X2 = 1+a/+2,8
X3 1+a+38

Substitute this in pq,

(2a+B)+3(1+a+28)-2(1+a+38)=0

B=a-3
0 -2 1
Substitute this in p,: We have the intersection as: [1 [+ a| 1 |[+(a—3)]|2
1 1 3

The intersection is a line and can be written as the following parametric vector form:
-3 -1
—51+ Span 4| 3
-8 4

6. Find det C:

detC = det[(2B)A™'BT A] = det(2B)det A~ 'det BT det A

=23detB—detBdetA

=23(detB)?

B is upper triangular matrix, hence detB = 3.1.(-1) = -3

Then we have detC = 23(detB)? = 8(-3)?> =72




7. Show that the given set is linearly independent:

Let ¢y, c2, c3 € R satisty the following equation:

c1(2v1 +v2) + c2(v2 = v3) +c3(vi +v2) =0
Then we must show that ¢y = ¢y = ¢3 = 0.
Rewrite the above equation:
(2c1+c3)vi+(cr+ca)va+(c3—c2)v3=0
Since {vi, v, v3} is a linearly independent set, 2c; + c3 =0,c1+¢c2 =0,c3 —c2 =0

Determine the echelon form of the above system of linear equations:

2 0 1 100
1 1 0|~..~|0 1 0] —o05pt
0 -1 1 00 1

From which, we get ¢; =0, ¢c; =0, c¢3 = 0 as the unique solution.

Hence {2vy +v3,v2 — v3,vy +v3} is a linearly independent set.

8. a) The representation matrix A; of 77:
A= —V2/2 22
vz V22

b) The representation matrix A, of 75:
_(1/2 1)2
2712 1,2

c) The representation matrix B of F:
B=A.A

B 0 0
“\=V272 —V2)2
d) The vectors whose F image is 1)
1
Solve B x = (1)

We get the following augmented matrix: ( _\/05/ 2 _\/(?/ 2 i ) which is inconsistent. Hence
there is no x whose F image is (} .
IfB=(2 i) is taken, x = 1(/)2) +x2 (_11/2

e 1) som[ 17



9. Determine the eigenvalues of M together with the corresponding eigenspaces.

To determine the eigenvalues of M:
det (M —AI) =0 —

det( 31 ! 1?1 21 )=(1—/l)det(_35_/l -1 )=
5 0 1-2

= (1-D)[(-3-)(1-2)45]

= (1-2)(A2422+2)

= (1-D)(A+ 1)L+ 14+)

Hence the eigenvalues are: 1,-1+i,-1—1i

-4 0 -1 1 00
To find E, reduce the matrix A—-I={ 1 0 2 |[~..~]0 0 1
5 0 0 0 0O

0
Ey = Null(A -1) = Span (1)
0

-2-i 0 -1 1
To find E_1,; , reduce the matrix A — (=1 +i)I= 1 2—1 2 ~..~10
5 0 02-i

-2+
E_1+i = Null(A—-(-1+1i)I) =Span{| -3 —-2i
5

To find E__; take the conjugate of the vector that spans E_j.;

-2—1i
E_1_; = Null(A — (-1 =i)I) = Span (—3 + 21')
5



